In the spirit of behavioral finance, we study the process of opinion formation among investors using a variant of the 2D Voter Model with a tunable social temperature. Further, a feedback acting on the temperature is introduced, such that social temperature reacts to market imbalances and thus becomes time dependent. In this toy market model, social temperature represents nervousness of agents towards market imbalances representing speculative risk. We use the knowledge about the discontinuous Generalized Voter Model phase transition to determine critical fixed points. The system exhibits metastable phases around these fixed points characterized by structured lattice states, with intermittent excursions away from the fixed points. The statistical mechanics of the model is characterized and its relation to dynamics of opinion formation among investors in real markets is discussed.
I. INTRODUCTION
In the growing field of behavioral finance, market participants are characterized using psychological and sociological insight in order to go beyond the limited, yet common assumption of idealized rational investors [1] . One major social effect among investors is the process of opinion formation. Opinion formation models as, for example, the voter model are broadly discussed in the physics literature, with special emphasis on emergent behavior including phase transitions [2] . In this article, we discuss opinion formation in the context of markets by relating the voter model to a class of minimalistic market models inspired by models of statistical mechanics.
A particularly simple toy model for markets is inspired by the Ising model with spins on a regular 2D lattice with a feedback, where the global magnetization controls the switching probabilities of single agents [4] . It exhibits stylized facts typical for financial markets [5, 6] as broadly distributed returns [7] and volatility clustering [8] , and can be related to macroscopic market models [3] . We here take this model as a starting point and show that the dynamical mechanism ruling the spin model can be mapped in an intuitive way onto a 2D voter model variant having a tunable social temperature. With the opinions "buy" and "sell", opinion polarization appears as market imbalance. We introduce a feedback representing the nervousness of agents: increasing market imbalance leads to increasing temperature.
The system shows time dependent market imbalance and temperature. We identify two alternating metastable phases. Phases of low temperature dominate the time series. In contrast to ordered phases in other systems, striped lattice states allow for a system of low polarization (each of the two opinions occupies a stripe which spans the lattice in one direction and is about the half of the lattice length in the other direction). These states evolve due to undirected diffusion, finally leading to market imbalances resulting in a critical temperature. Metastable phases with fluctuations around the critical temperature enable the system to self-organize to balanced striped states. Using a mean-field Langevin description, we find two attracting critical fixed points at specific values of market imbalance and understand fluctuations around them. By considering different functions for the feedback, we find large fluctuations with consecutive melting and coarsening periods, or alternatively small fluctuations with critical lattice states, both leading to long range correlations and striped states.
In order to connect the market model to the social systems perspective, we pick up a central line of research in the field of opinion formation. The paradigmatic voter model (VM) on regular lattices [9] describes agents with two possible opinions, denoted as spin values ±1. A randomly chosen agent, with a certain probability p, adopts the opinion of one randomly chosen nearest neighbor. The universality class of the generalized voter model (GVM) [10] is characteristic for systems with parametrized interactions which show a special nonequilibrium phase transition in the presence of absorbing states ( [11, 12] provide an overview of non-equilibrium phase transitions). These systems exhibit an abrupt phase transition (with a jump in the order parameter), however, show critical divergences [10] . The knowledge about this phase transition was extended using backward Fokker-Planck equations, mean field calculations, and a Langevin description [13] [14] [15] , and the time dependent coarsening process is well known [10] . The drift forces constituting the phase transition were described to act likewise even for finite systems [16] . Similar opinion formation models were investigated for striped metastable states [17] , interfaces [18] as well as the influence of time dependent switching rates [19] .
In the following we will formulate an opinion formation toy model for financial markets using an interesting representative of the GVM phase transition including the VM at its critical point [10, 20] , recently called the Group Voter Model (GRVM) [16] . In Sec. III we find different market modes for constant market temperature. In Sec. IV, results for our artificial market with feedback are presented and the two metastable phases are discussed. In Sec. V we investigate the phases of fluctuations around the critical temperature.
II. MODEL DESCRIPTION
We describe the decision of a single agent to buy or to sell using the GRVM as a typical opinion formation model [16] . N = L 2 agents on a two dimensional lattice with periodic boundary conditions adapt their opinions s i = ±1 (buy or sell) in random sequential update to their four nearest neighbors (denoted by nn(i)). Using the number of agreeing neighbors
the system's dynamics is described with the flipprobabilities p u→4−u (we set p u→4−u + p 4−u→u = 1).
With suppressed voluntary isolation we get p 0→4 = 1, p 2→2 = 1/2 and p 4→0 = 0. The remaining probability of joining local minorities p 3→1 is set with the inverse temperature β = 1/T to
as in heat bath Monte Carlo simulations of the Ising model. For low temperatures we have an increased persuasiveness of local groups of agents (p 1→3 > 3p 3→1 ), as illustrated in Fig. 1 . For T = T V = 4/ ln(3) ≈ 3.641 we get the voter model, because for this temperature every neighbor convinces with the same probability (p 3→1 = 1/4 and p 1→3 = 3/4). For higher temperatures T > T V , local majorities have a suppressed persuasive power. Agents adopt any opinion in their neighborhood without trusting local majorities which can be seen as a panic-like behavior. The social temperature T can be seen as the market temperature because it influences the uncertainty of investment strategies of all agents. In the next section we will see that the market temperature is connected to the market's behavior and volatility in an intuitive way.
Agents buy or sell one unit every time step (sweep). Therefore the opinion polarization
translates into the market imbalance. Market imbalances have two consequences: They are at the basis of the pricing process for our artificial market, and they are the central ingredient for the introduction of the feedback. Assuming a constant fundamental value of the asset, price changes are related to the market imbalance using logarithmic returns as ret(t) = ln(p(t)/p(t − 1)) ∝ ∆m = m(t) − m(t − 1). This can be motivated using additional fundamentalists taking advantage of arbitrage possibilities in balance with their risk [5] . As a volatility measure, σ = ( ∆m 2 − ∆m 2 ) 1/2 with averages over short sequences or whole time series can be used.
Let us now introduce a feedback relating increasing market imbalances to an increase in market temperature in the form
This feedback is consecutively updated with the systems dynamics. For a balanced market, agents trust in local majorities (as is the case for T (0) < T V ), while for high market imbalances any present opinion is adopted in a panic like fashion (T (1) > T V ). The idea to introduce a feedback of the described form is taken from [4] , where m controls the switching probabilities through an additional term in the Ising model. In Appendix A the market temperature for this model is estimated.
III. CONSTANT MARKET TEMPERATURE
It is instructive to analyze the dynamics for constant temperature. With this we analyze different market modes contributing to the dynamics of the model with feedback. By doing so we connect to the opinion formation background. This will help us to understand the feedback mechanism in Sec. IV and V. Fig. 2 shows some system states (top) and opinion polarization time series (bottom) for T = 0.6 T V (first and second column from left), T = T V (third column) and T = 1.2 T V (fourth column). In the first column with a subcritical temperature, where local majorities are strongly preferred and thus single agents follow local group opinions, we see ordering dynamics leading to absorbing consensus states. The three shown time series with biased random initial conditions and magnetizations about m = −0.2, m = −0.04 and m = 0.1 experience a strong drift away from the balanced market which grows with the initial market imbalance. This scenario leads to a totally dysfunctional market. 
Typical system states (top) and typical trajectories of m (bottom, second column from left with striped initial states, all others with biased random initial conditions, different initial imbalances m(t = 0)) for T = 0.6 TV (first and second column from left), T = TV and T = 1.2 TV. Subcritical temperatures lead to polarization or metastable striped states, the critical lattice configurations show clusters of diverse sizes and the supercritical market is balanced but volatile.
In the second column a subcritical system with metastable striped states can be seen. As discussed in Appendix B, such states can emerge for random initial conditions with opinion polarization around m = 0, as known for similar opinion formation models [17] , but also from strongly polarized states with global structures. The system reaching metastable states is not forced to market imbalances and thus can preserve low market imbalances while performing a random walk with low volatility (σ = 0.003 for the shown time series). As typical for random walks, bull and bear market durations are power law distributed (here with cut-off) and thus market imbalances survive for long times. Metastable states finally end up in an absorbing state and have a typical life-time dependent on temperature and system size (about 40 000 sweeps for the shown case).
In the third column, the critical temperature of the model leads to a drift-free behavior identical to the VM. The volatility depends on the opinion polarization with maximum values about σ = 0.008 around m = 0. This higher volatility leads to shorter times before absorbing states are reached. The system states (for infinite systems and infinite coarsening times) show clusters of all length scales and thus in the finite system global structures emerge. Finally the fourth column shows a disordered system with strong drift forces leading to a balanced market situation. In contrast to the subcritical metastable states, volatility is high (σ = 0.010).
In conclusion, the effects of the market temperature are intuitive in several respects: Single agents notice a faster changing environment, change their own opinion more frequently and exhibit only limited trust in local majorities for higher temperatures. The returns as a global property of the system increase with temperature rendering the system more volatile.
IV. MARKET WITH FEEDBACK
We analyze an artificial market with N = 200 2 agents and a feedback
with feedback strength α = 10. This kind of linear feedback is a particularly simple variant of Eq. (4) with a temperature above zero at m = 0. We will see, that imbalances with the critical temperature T V are of special interest in describing the dynamics, therefore we define m F due to T (±m F ) = T V with the specific value m F = 0.08 for this feedback. In Fig. 3 time series of the market imbalance, market temperature and returns are shown. All simulations are started from random initial conditions. We see long periods of low market imbalance m, low market temperature T and low volatility (small returns ∆m, note especially the period between t ≈ 50000 and t ≈ 70000) alternating with short periods of fluctuations around the critical temperature T V connected to high imbalances around m F and high volatility (as for example the time window indicated with vertical lines in the upper two rows). Considering the whole time series, returns are broadly distributed (see Fig. 6 ) and clearly occur clustered, as known from real markets. Changing temperatures are an intuitive property of real markets. In this artificial market, market imbalances (representing speculative risk) lead to nervous reactions of agents incorporated with higher market temperature, culminating in panic like behavior above T = T V .
During long periods of low market imbalance, the system shows striped lattice states as in Fig. 2 , second column from left. In these states, market imbalance performs a drift-free diffusion due to diffusing border lines between the two stripes. As in such states the system stays for long times near to the fundamental value, the market is closest to the case of rational agents (independent agents using adequate but noisy information about the fundamental value to maximize their outcome), but with the tendency to large imbalances due to undirected diffusion. Bull and bear market durations are power law distributed (with a cutoff) as they are for the market with constant temperature showing striped lattice states. If the market being in striped states reaches large imbalances leading to panic-like reactions of agents, fluctuations around the critical temperature help to find a balanced market with striped states within short times (compared to typical time scales of the market with striped states). This is surprising, since single agents in our model do not act in a purposeful way.
Both, periods with striped states and periods of fluctuations around the critical temperature, represent metastable phases, as their typical time scales diverge with system size. We performed simulations (not shown) with N = 100 2 (5 · 10 5 sweeps) up to N = 800 2 (32 · 10 6 sweeps) using a scaling for the feedback strength α ∝ L 1/2 (reflecting the adjustment of typical coarsening times on the way to striped states ∝ L 2 and typical times in striped states ∝ L 3 /α 2 , see [3] ). We found a similar behavior of the system for different system sizes taking into account that typical time scales grow with system size N = L 2 . For the infinite system thus feedback strength as well as time scales diverge. This emphasizes the finite-size character of the system in accordance with the finite-size-effect of striped states.
V. DYNAMIC FEEDBACK MECHANISM A. Fluctuations around fixed points
In the last section we have seen fluctuations of the market imbalance m around values m F connected to the critical temperature, T (m F ) = T V . To get a better understanding of this behavior, let us use a Langevin equation for the mean-field behavior. We transfer a Fokker-Planck description of the GRVM [16] including drift and diffusion effects to the description of trajectories (∆t = 1, ∆m(t) = m(t + 1) − m(t), see also [13] [14] [15] for the discussion of the Langevin approach for nonlinear voter models),
with an iid. random variable ξ t being normally distributed and p 3→1 of Eq. (2). The parameters take the values φ 1 = φ 2 = 1 for the mean-field case. The 2D lattice behaves mean-field-like also with values φ 1 , φ 2 < 1, as has been found with numerical measurements of drift and diffusion [16] . First of all we ignore fluctuations due to finite diffusion (Eq. (9)) and have a look at the fixed points connected to drift forces (Eq. (8)) in the deterministic limit a 2 (m) → 0. In Fig. 4 on the left, the drift term a 1 (m, T ) is shown for two different constant temperatures. We see that a subcritical temperature leads to a drift in direction of total polarization (a), indicated with arrows (compare Fig. 2 outer left) . In the supercritical case (b), drift tends to reduce polarization (compare Fig. 2 outer  right) . With the feedback (c) (here Eq. (6) with α = 2), the drift term a 1 (m, T (|m|)) gets an additional implicit dependency on m via T (d). The drift forces lead to two fixed points (provided the feedback is strictly monotone at these points):
The value m F is defined according to T (|m| < m F ) < T V and T (|m| > m F ) > T V . Eq. (11) is only valid, if T (|m|) is continuous around the fixed points. A counter example is discussed below. With the balancing drift forces for high imbalances m, absorbing states with total consensus are strongly suppressed. (7) and lead to successive melting and coarsening processes. The striped state at the end without drift forces allows for a long excursion away from the fixed point.
For a system of finite size, m fluctuates around the fixed points according to the interplay of a 1 and a 2 . With  Fig. 5 we see such fixed point fluctuations for the system discussed in the last section and the short time window as indicated in Fig. 3 . The time series (shown with rotated orientation compared to Fig. 3) show fixed point fluctuations between t = 121300 and t = 123400. For this time interval, the time series of m and T are compatible with Eq. (7) concerning time scales and amplitudes of fluctuations as well as occasional switches between the two fixed points (we used the estimation φ 1 = 0.1 and φ 2 = 0.3 taken from numeric measurements in [16] and generated a mean-field time series, not shown). Therefore, fluctuations around the fixed points for the 2D system can partly be understood to be mean-field like. This is remarkable in respect to strong correlations of the lattice states, as shown with the upper three lattice states on the right of the figure for times indicated with horizontal lines around the time series. As the fluctuations span a wide range of temperature T , consecutive melting and coarsening processes can be seen. In general, correlations limit quantitative predictions of Eq. (7). Accordingly fluctuations with long times until return to T V , as for example between t = 123400 and t = 124000, are over-represented compared to the mean-field time series, where fluctuations with more than 200 time steps only account for two percent of the total time.
At the end of the shown time window, the system is in striped lattice states again (see the lattice state at the bottom of Fig. 5 ). This leads to another long period of small m far away from the fixed points (compare Fig. 3) . By generating long range correlations during the coarsening periods which are changed fast during melting periods, the system self-organizes to striped states during fixed point fluctuations. This process will be analyzed in the next subsection for different feedbacks confirming its robustness. In this subsection we vary the feedback as shown in Fig. 6 on the left and find differing behavior concerning the system states, nonetheless with weak effects on the global behavior. To demonstrate the effect of consecutive coarsening and melting periods, we use an extreme feedback
with α = 10 and m F = 0.04 leading to a jump at T = 0.6 T V (system size N = 200 2 ). The temporal behavior concerning the time series as well as the lattice states does not change considerably compared to the case described before. Therefore the process of consecutive melting and coarsening processes is clearly confirmed. The broad distribution of returns is hardly changed, as can be seen in Fig. 6 In Fig. 7 a long period of fixed point fluctuations is followed by a system with striped states. The corresponding lattice states during the fixed point fluctuations are comparable to critical states (compare Fig. 2 third column from left), the last snapshot shows the coarsening process on the way to striped states. The lattice states near the fixed points are quite interesting, since they show similarity to the states of the voter model, but with a pronounced opinion polarization. Fluctuations in direction of lower temperatures sometimes lead to a balancing coarsening process. The coarsening system starting from a state with large clusters can lead to striped states even for large initial polarization (see Appendix B). Again, the return density is hardly changed compared to the feedback of Eq. (6) (see Fig. 6 ), although the lattice states during the self-organization to striped states look quite different.
As we have seen, the self-organization to striped states is a robust process, since it works for large ranges of parameters. Nonetheless, feedbacks of more seriously differing shapes lead to a variety of effects. As an example, a system with a steep feedback at large m F can be trapped in a structured state as, for example, a circle which can hardly be escaped during repeated fixed point fluctuations. The feedback process shows another sign of robustness, since it works in other systems as well. We here exemplify this using the pure Ising model with heat bath dynamics and a feedback
for L = 128 with α Ising = 10 and 10 6 sweeps up to L = 1024 with α Ising = 28 and 64·10
6 sweeps using the scaling α ∝ L 1/2 and time ∝ L 2 . We find time series close to Fig. 3 . As can be seen in Fig. 8 , the returns are broadly distributed with a flatter decline compared to the opinion formation system.
VI. SUMMARY
We translate a herding market model on a 2D lattice with feedback [4] to an opinion formation model for two reasons. First this helps us to find an intuitive insight with a market temperature controlled by market imbalance. Second we can use the framework of opinion formation to get a better understanding of the dynamic mechanisms ruling this model class.
We introduce the GRVM as an implementation for the herding process with constant temperature. As a manifestation of fear, each agent is coupled to an increasing market temperature for increasing market imbalances. In this way a feedback is introduced. For constant market temperature, we describe different market modes and confirm the intuitive effects of the market temperature.
The market with feedback exhibits two kinds of metastable phases (as their typical times increase with system size). Short phases with mean-field-like fluctuations around critical fixed points of large market imbalance appear as a robust self-organization to striped lattice states. This means that single agents with their panic-like behavior enable the system to find ordered states. Long phases with striped states lead to undirected diffusive movements of the market imbalance (as described in detail in [3] ) with low market imbalance and low volatility and are close to the efficient market.
Future work could quantify the behavior near the fixed points by performing Langevin simulations and using probabilities for striped states in a coarsening process started with correlated lattice states.
While the focus of this article is the limit of a regular 2D lattice, it would be interesting to introduce a number of shortcut links between pairs of randomly chosen agents. As fluctuations around the critical fixed points are mean-field-like, they are likely similar for a higher effective dimension of the system. On the other hand, correlated states in a small world network should be more diverse. Besides a communication structure of agents being closer to the case of real markets, this could cause a more diverse memory of the system with an auto correlation of absolute returns closer to real markets.
Finally, it is worth comparing the model to advanced opinion formation models beyond simple consensus formation, including further effects of real social systems. In [21] , different kinds of nonconformity as the existence of contrarians [22] are investigated as mechanisms preventing consensus. The degree of noncornformity there can be connected to a constant social temperature leading to different kinds of phase transitions. Systems in the disordered phase including a noisy global feedback are used to describe financial markets [23, 24] . The obvious lack of consensus in elections with typical small differences between winner and second place can be described with a potts model variant in the ordered phase including a global feedback weakening the leading candidate in polls [25] . This feedback selectively prefers single opinions and therefore does not act as an effective increase of temperature. In the present article another mechanism preventing total agreement is presented for a system being in the ordered phase most of the time. With the global feedback on temperature, crises (with panic-like behavior as a variety of nonconformity) help to restore the balance of the system. 
FIG. 9.
Cumulative distribution of the consensus times T abs with N = 100 2 and T = 0.6 TV for random initial conditions (black solid line), biased random initial conditions with m ≈ 0.14 (black dashed line) and starting from critical lattice states with m < 0.14 (red solid line) and m > 0.14 (red dashed line). For comparison, 0.25 exp(−T abs /τ ) with τ = 40000 is plotted (dotted line). The fast coarsening process for short times leads to metastable striped states with different branching ratios.
lead to a fast consensus with probabilities of reaching metastable striped states in the sub-percent regime (dashed black line). In contrast random initial conditions around m = 0 lead to a metastable striped state in about every third case (black solid line). The metastable striped states show typical lifetimes of about τ = 40000, which grows with system size and shrinks with temperature.
The red lines show distributions for critical states (showing more structure than random initial conditions) as initial states. Random initial conditions were propagated 1000 sweeps at T = T V and at t = 0 the temperature was quenched to T = 0.6 T V . For little opinion polarization at t = 0, m < 0.14, this leads to metastable striped states in about every second case (red solid line). Highly polarized states with m > 0.14 show a smaller but nevertheless significant branching ratio (red dashed line).
